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A method is examined of solving steady-state problems of heat trans- 
fer through a surface with longitudinal rectangular fins in the case 
when the thermal conductivity depends on temperature. 

The w i d e s p r e a d  o c c u r r e n c e  in m o d e r n  technology  
of p r o c e s s e s  a c c o m p a n i e d  by l i b e r a t i o n  of l a r g e  
amounts  of hea t  r e q u i r e s  the ca r e fu l  s tudy of methods  
of hea t  r e m o v a l .  The i m p o r t a n c e  of us ing  cool ing fins 
o r  p r o t r u d i n g  s u r f a c e s  to in tens i fy  hea t  t r a n s f e r  has  
long been  known. The usua l  so lu t ion  to s t e a d y - s t a t e  
hea t  t r a n s f e r  p r o b l e m s  is d e r i v e d  on the a s sumpt ion  
tha t  the t h e r m a l  conduct iv i ty  does  not  depend on 
t e m p e r a t u r e .  F o r  c o m p a r a t i v e l y  s m a l l  t e m p e r a t u r e  
d i f f e r e n c e s  be tween the f aces  of the fin this  a s s u m p -  
t ion l eads  to s m a l l  e r r o r s  in the solut ion,  but  for 
l a r g e  t e m p e r a t u r e  d i f f e r e n c e s ,  600~ ~ K,  the 
e r r o r  may  be s u b s t a n t i a l  [3]. 

o r  

We se t  

d~T t d[~,(T)] { dT ]~ aII  ( T ' T o ) .  (1') 
dx - -~  X (T) d7 ~ ~ -~x ] = F ~ (T) 

d[ l  a ( T - - T o ) = ~  9(T) ; 

then (!) t akes  the fo rm 

and 

(2) 

ax Y ~ - d7 t9 (T) 1 = 0 (3) 
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Fig.  i. D i a g r a m  of s t r a i g h t  
fin. 

dT 1I 9 (T) 4- Cr.. (4) 
dx F s (T) 

Solving (4) toge the r  with (2) and in tegra t ing ,  

T T T 

9(r) d[9 (Y)l +C,  d [9 (r)l = a - -  n- 
Y.~ T2 T2 

we obtain a r e duc e d  quad ra t i c  equat ion in qo(T): 

T 

@ (T) + 2 C, 9 (T) + C2 = 2a F ~ ( T _  To) k (T) dT, (5) 
I I 2  

Yz 

where  

C~ = -- [2C~ 9 (T2) + 9*(T~)t. 

Whence 

This  pape r  p r e s e n t s  a g r a p h o - a n a l y t i c a l  method,  of 
so lv ing  the p r o b l e m  of hea t  t r a n s f e r  through a s u r f a c e  
equipped with longi tudina l  r e c t a n g u l a r  f ins ,  a l lowing 
for  v a r i a b l e  t h e r m a l  conduct iv i ty  of the m a t e r i a l .  

A mode l  of the p h y s i c a l  s y s t e m  is shown in Fig .  1. 
The t e m p e r a t u r e  d i s t r i bu t i on  ins ide  the fin is c o n s i -  
d e r e d  only as  a function of d i s t ance  f rom i ts  ba se  
(this a s s u m p t i o n  is va l id  for  r e l a t i v e l y  thin fins [1]). 
Then the t e m p e r a t u r e  d i s t r i bu t i on  a long the fin is 
d e s c r i b e d  by the fol lowing d i f f e r en t i a l  equat ion:  

dx -~x - -  a II (T - -  To) = 0 ,  (1) 

( i F ( T  - -  To) ~, (T) dT. 9 (T) = - -  C1 • C1 - -  Ca + 2 a - ~ - ,  

7"2 

Taking into account  that  for  the chosen  coord ina t e  
or ig in  the t e m p e r a t u r e  g r ad i en t  d T / d x  along the x 
axis  i n c r e a s e s ,  a f t e r  subs t i tu t ing  the e x p r e s s i o n  for  
~o(T) in (4), we obtain 

( J dT H F 
dx F ~, (T) C --t- 2 a - -~  (T - -  To) ;~ (T) dT, (6) 

Te 

where  C = C 1 - C 2 .  
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The a r b i t r a r y  constant  C can be de te rmined  from 
the boundary condit ions 

T = T ,  when x = h ,  

(7) 

T = T ~ w h e n  x = 0 ,  dT =0. 
dx 

The second condit ion means  that  the end face of the 
fin is i m p e r m e a b l e  to heat. The end face has a sma l l  
sur face  in c o m p a r i s o n  with the side of the fin, and 
there fore  heat  t r a n s f e r  from the end may be neglected,  
When heat t r a n s f e r  f rom the end of the fin can not be 
neglected,  it is r ecommended  in [2] that the fin height 
be inc reased  by half  its th ickness .  

Thus,  f rom the second condit ion of (7) and (6) we 
find 

T, 

C=--2a HF ~ (T-T~ (8) 

T, 

and from (6) we obtain the temperature gradient 

dT H 

dx F x (7) - - 1  2a F , --~. (T-- To) )~ (T) dr. 

T, 

(9) 

Returning  to the bas ic  p a r a m e t e r s  

II=2L+28~--~2L, F=L~, 

we find the heat flux at  an a r b i t r a r y  fin sect ion 

Q f =  4aL'6 (T--To)L(T)dT. (]o) 

Under s t eady-s ta te  condit ions,  the amount  of heat 
removed from the fin in unit  t ime is equal to the 
amount  of heat pass ing  through the base of the fin, 
where  x = h. 
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Fig. 2. T e m p e r a t u r e  dependence 
of the rmal  conductivity:  (1) for 

EYalT; (2) for St. 20. 

Then 

dT 
Q, = z (r) F, -:-- 

l~ ~ h  ~ ax 
(11) 

o r  

Q~ = 4 a L~r (T--To)k(T)dT. (12) 

F, 

For relatively tall fins the problem of calculating 
the heat transfer through the fin is considerably sim- 
plified, since it may then be considered that the tem- 
perature at the end of the fin is equal to that of the 

surrounding medium, i . e . ,  T 2 = T 0. 
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Fig. 3. Curves of K l and K 2 
ve r sus  t empe ra tu r e :  (1) for 

EYalT;  (2) for St. 20. 

After  some t r ans fo rma t ions  we obtain (12) in the 

form 

/ T~ T~ 

T N T N 

w h e r e T  N < T  x, T 1. 
Exis t ing re la t ions  between the rma l  conductivi ty 

and t empera tu re  (Fig. 2) may be used to calculate  
T x Tx 

the in tegra ls  K, = I ~,(T)dT and Ks= ,f L(T)TdT, 
~N T.'V 

wri t ten  in the form of the approximat ing  sums 

K1 = ~,(T,)'~T~, ~x(r~)ar, r,. (14) 
i ~ l  i=l  

Curves showing K 1 and K 2 as functions of t e m p e r -  
a ture  for EYalT and St. 20 s teel  a re  given in Fig. 3. 
In cons t ruc t ing  the curves  it was a s sumed  that T N = 
= 0 and AT i = 20~ whale X(T i) was de te rmined  with 

the aid of Fig. 2. 
The example p resen ted  below i l lus t ra tes  that it is 

possible  to solve the heat t r ans f e r  problem,  with 
al lowance for var ia t ion  of the the rmal  conductivi ty of 
the m a t e r i a l  with t empera tu re .  
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E x a m p l e .  To  d e t e r m i n e  the  a m o u n t  of h e a t  t r a n s -  

f e r r e d  t h r o u g h  a f in  (1 = 1 m ,  6 = 0 . 0 1  m ,  h = 0 . 0 5  m)  
wi th  ~ = 3 . 6 .  104 W / m  ~. deg;  T o = 373 ~ K fo r  E Y a l T ,  

when  T 1 = 1073 ~ K and  k(T) = 27.5 W / r e .  d e g . ,  and  

f o r  St. 20, w h e n T  1 = 873~ and  ;~(T) = 33 W / m .  deg .  

To d e t e r m i n e  the  va lue  of  the  h e a t  f lux t h r o u g h  

the  f in  wi th  X = f ( T )  we  u s e  Fig .  3: 

K1 = 1.65.104 fo r  EYa lT ;  

K ~ = 7 . 1 2 - 1 0  ~ f o r  EYalT ;  

KI = 3.48.1(} 4 fo r  St. 20; 

Ks ~ 8.76.10 ~ for  St. 20. 

T h e n  f r o m  (13) and [2] we  f ind 

w h e n  )~ -- [ (T)  Q, -- 8s800 W (EYalT);  

Q , =  87200 W (St. 20); 

when  )~ = const Q, = 98200 W (EYalT);  

Q , = 6 6 9 0 0  W (St. 20). 

It is c l e a r  f r o m  the  e x a m p l e  t h a t  Q1 m u s t  be d e -  

t e r m i n e d  wi th  a l l o w a n c e  fo r  v a r i a t i o n  of the  t h e r m a l  

c o n d u c t i v i t y  of the  m a t e r i a l  wi th  t e m p e r a t u r e .  

The  v a l u e s  of K 1 and K 2 c a l c u l a t e d  a c c o r d i n g  to 

(14) a r e  the  m o r e  a c c u r a t e ,  the  g r e a t e r  n. To  e s t i -  

m a t e  the  e r r o r  in K 1 and K2, a c a l c u l a t i o n  was  p e r -  

f o r m e d  a t  v a r i o u s  AT i fo r  m a t e r i a l  St. 20 and a f in  

b a s e  t e m p e r a t u r e  T, = 873 ~ K. The  e r r o r  in the  r a n g e  
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AT i = 2 0 ~  ~ K was  abou t  1%: F o r  p r a c t i c a l  c a l c u -  

l a t i o n s  i t  is  r e c o m m e n d e d  tha t  AT i be  in the  r a n g e  

2 0 - 4 0  d e g r e e s .  

NOTATION 

T--temperature; T0--temperature of coolant; T l -  
temperature at base of fin; TN--some characteristic 
temperature; X(T)--thermal conductivity of fin ma- 
terial; ~.heat transfer coefficient; F.cross-sec- 
tional area of fin; If--fin perimeter; h--fin height; L-- 
fi n length; 5--fin thickness; Q--heat flux; ATi--change 
of temperature in i-th section; Ti--mean temperature 
at i-th section. 
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